Abstract-In this paper we propose and study a spatial diffusion model for the control of anthracnose disease in a bounded domain. The model is a generalization of the one previously developed in [13] . We use the model to simulate two different types of control strategies against anthracnose disease. Strategies that employ chemical fungicides are modeled using a "continuous" control function; while strategies that rely on cultivational practices (such as pruning and removal of mummified fruits) are modeled with a control function that consistsof a series of discrete pulses. Under weak smoothness conditions on parameters we demonstrate the well-posedness of the model by verifying existence and uniqueness of the solution for given initial conditions. We also show that the set [0, 1] is positively invariant. We first study the control only with the pulse strategy and after we analysis the simultaneous use of continuous and pulse strategies. In each case we consider a cost functional to minimize and we demonstrate the existence of optimal control strategies which can be evaluated numerically using the gradient method presented in [1]. We discuss the results of numerical simulations for an aggregate version of the model.
I. INTRODUCTION
Anthracnose is a phytopathology which attacks several commercial tropical crops such as coffee. The Anthracnose of coffee is known under the name coffee berry disease (CBD) and its pathogen is the Colletotrichum kahawae, an ascomycete fungus. The literature on Anthracnose pathosystem is very large [4] , [5] , [7] , [15] , [17] , [22] , [26] . There are also several attemps of modelling in order to better understand CBD spread and identify efficient control strategies [9] , [10] , [12] , [16] , [17] , [18] , [19] , [20] , [26] . There are many approaches to control anthracnose disease. Among them there are genetic methods [3] , [4] , [5] , [14] , [25] , biological control [11] , chemical control [5] , [21] , [23] and cultivational practices [5] , [18] , [19] , [20] , [26] . The chemical method seems more efficient but presents several ecological risks. Moreover, inadequate application of treatments could induce resistance in the pathogen [24] . A dynamical spatial model including chemical control have been proposed and analysed in [13] . The aim of that work was to optimize the used of the chemical control with respect to a given cost functional. The disease dynamics was represented by an inhibition rate θ satisfying the following problem.
∂ t θ = α (t, x) (1 − θ/ (1 − σu (t, x))) + div (A (t, x) ∇θ) , on R * + × Ω A (t, x) ∇θ (t, x) , n (x) = 0, on R * + × ∂Ω where n (x) denotes the normal vector on the boundary at x and
The main contribution of the present paper is to include into the model above a pulse control strategy representing cultivational practices such as pruning old infected twigs and removing mummified fruits. Indeed, those actions are made at discrete times with a certain rhythm. Although the action of antifungal compounds is continuous their application is not continuous in the time. In the same manner parameters of the model are not necessarily continuous. In addition, this paper assume more weak conditions on the regularity of the parameter of the model than [13] . We then propose the following impulsive model.
on R *
τ 0 = t 0 = 0 and τ i = inf {t k > τ i−1 ; k > 0,
where (t k ) k∈N is an increasing sequence in R + such that lim k→∞ t k = ∞, A (t, x) ∇θ (t, x) , n (x) = 0, on R
In the model (1) − (5) function α represents the inhibition pressure which could also depend on climatic and environmental conditions [9] , [10] , [12] . It could be an almost periodic function with respect to time, taking into account climatic seasons. The term div (A∇θ) refers to the spatial spread of the disease in the open domain Ω ⊂ R 3 . The boundary condition A∇θ, n = 0 where A is a 3 × 3-matrix (a ij ) could be understood as the law steering migration of the disease between Ω and its exterior. For instance, if A is reduce to I the identity matrix then ∇θ, n = 0 means that the domain Ω is isolated or closed. That is Ω does not have any exchange with its exterior. In order to give a mathematical sense to the term A∇θ, n we assume that ∂Ω ∈ H 1 R; R 2 .
There is two means of control in the model (1) − (5). The first one is the chemical control corresponding the effects after application of fungicides. Those effects are modeled by a function u taking its values in the set [0, 1]. 1−σ is a threshold parameter that models the inhibition rate below which it is not possible and not necessary to try any control strategy. It may correspond to the to epidermis penetration by hyphae. The second control measure of anthracnose is cultivational practices which reduce at discrete times the density of the pathogen and therefore inhibition rate θ.
In the model (1)−(5) cultivational practices are represented by the sequence
* is a parameter that models the critical threshold above which it is necessary to intervene to reduce severity and diffusion of the disease. The sequence (t k ) k∈N could be viewed as times when usual interventions are possible. It can be in terms of hours, days, months or weeks as it is common in coffee cultivation for instance. Indeed, practically it is not realistic to monitor or intervene the whole time. Thus, based on the hypothesis that any major events could not happen in a "small" interval of time a calender is established. Obviously, something could happen even in a little interval of time. However, we can assume that during that period chemical control still acts. We then assume that the period of activity of chemical treatment is finite and greater than sup
The remainder of the paper has the following structure. In section II we study the well-posedness of the model (1)−(5) and its aggregate version. Section III focuses on the optimal control of anthracnose based only on the pulse strategy. In subsection III-A we look at the optimal control of the aggregate version while in subsection III-B we do the same work for the general model. In subsection III-C we present and discuss some numerical simulations corresponding to results stated in previous subsections. Section IV is devoted to the study of the optimal control of anthracnose using simultaneously pulse and continuous strategies. In subsections IV-A and IV-B we study respectively the optimal control of the aggregate model and the general model. In subsection IV-C we present and discuss some numerical simulations corresponding to results of the two previous subsections. Finally, in section V we discuss the model and some results.
II. WELL-POSEDNESS OF THE MODEL
A. An 
The aggregate model is simpler to study and exhibit the average behaviour of the general model. On the other hand, tools used for the aggregate model give an idea on the generalizations that are necessary to study the general model. Let denote by the solution of (6)−(9) a piecewise absolutely continuous function Θ satisfiying in each set ]τ k , τ k+1 ]
We make the following assumptions in order to survey existence and the uniqueness of such a solution.
Proof: Let Θ be the solution of (6)− (9) .
We first prove that Θ ≥ 0. Assume that the subset U ⊂ ]t 0 , t 1 ] is the nonempty interior of the set where f is not null. f is continuous and is null on ∂U the boundary of U because the set ]t 0 , t 1 ] is convex. For every time t ∈ U , f satisfies f (inf U ) = 0 and
That is a contradiction which means U is empty. Using again the continuity of f we get that f is null on ]t 0 , t 1 ]. We conclude that Θ remains nonnegative. Now we prove that Θ ≤ 1. Assume that the subset V ⊂ ]t 0 , t 1 ] is the nonempty interior of the set where g is not null.
g is continuous and is null on ∂V because the set ]t 0 , t 1 ] is convex. For every time t ∈ V , g satisfies g(inf V ) = 0 and
That is a contradiction which means V is empty. Using again the continuity of g we get that g is null on ]t 0 , t 1 ]. We conclude that Θ remains less than 1.
Proposition 2: The problem (6) − (9) has a unique global solution.
Proof: It suffices to establish existence of a local solution and use the proposition 1 to conclude the result. It also suffices to restrict ourselves to the set t
is integrable with respect to t, lipschitz continuous with respect to x and upper bounded by α which is also integrable with respect to t. Then by the Carathéodory theorem (see [8] ) there is a local [0, 1] −valued solution. Let now prove the uniqueness of solution. Assume that x and y are solutions on t
Using Gronwall lemma we get
Thus solution is unique and depends continuously on initial conditions.
It is important to notice that the solution of (6) − (9) is continuous with respect to control strategies u and (v i ).
B. The main model
Let denote by the solution of (1)−(5) a piecewise absolutely continuous
By the weak solution of (1) − (5) we mean a piecewise absolutely continuous H 1 (Ω; R)-valued function θ satisfiying the two last conditions. Additionaly the weak solution shall
where ψ ∈ H 1 (Ω; R). We make the following assumptions in order to survey existence and the uniqueness of such a solution.
Proof: Let θ be the solution of
We first prove that θ ≥ 0. Assume that a subset
× Ω is the nonempty interior of a set where f is not null. f is continuous and is null on ∂U the boundary of
Using the Gronwall lemma f (t, .) 2 L 2 (U2;R) ≤ 0 and is consequently null. That is a contradiction which means U 2 is empty. We conclude that ∀t ∈ ]t 0 , t 1 ] , θ (t, .) remains nonnegative almost everywhere in Ω.
Now we prove that θ ≤ 1. Assume that a subset
× Ω is the nonempty interior of a set where g is not null. g is continuous and is null on ∂V the boundary of V because the set ]t 0 ,
Using the Gronwall lemma g (t, .) 2 L 2 (V2;R) ≤ 0 and is consequently null. That is a contradiction which means V 2 is empty. We conclude that ∀t ∈ ]t 0 , t 1 ] , θ (t, .) remains less than 1 almost everywhere in Ω.
From assumptions (H4)-(H5) the following problem has a unique solution in H 1 (Ω) for an arbitrary but fixed time t > 0.
where f ∈ L 2 (Ω). Following [2] in theorems 3.6.1 and 3.6.2 we can easily establish that there is an orthonormal
Now we make the following assumption (H8): The sequence (ϕ n ) does not depends on the time (ie ϕ n (t, .) = ϕ n (.) , ∀t > 0).
(H8) could happen if A (t, .) has the form µ (t) B (.) with µ (t) ∈ R, ∀t ≥ 0. It will be the case in particular if A (t, .) = µ (t) I and therefore div (A (t, .) ∇w) = ∆w. Here I denotes the identity matrix of R 3 . Whether (H8) is satisfied a weak solution θ of (6) − (9) can be written as the sum
θ n ϕ n where each θ n is an absolutely continuous function of the time and satisfies in each set ]τ k , τ k+1 ] ,
Theorem 4: The problem (6)−(9) has a unique global weak solution θ. Moreover, if Ω is of class
Proof: It suffices to establish existence of a local solution and use the proposition 3 to conclude the result. It also suffices to restrict ourselves to the set t It is important to notice that the solution of (6) − (9) is continuous with respect to control strategies u and (v i ).
III. OPTIMAL CONTROL BASED ONLY ON THE PULSE

STATEGY
In this section we restrict the time of study to the set [0, T ] where T ∈ [τ k , τ k+1 [ corresponds to the annual production period with respect to a time unit.
A. The aggregate model
The aim of this subsection is to prove the existence and characterize of strategy v * = (v * i ) i∈N which minimizes the following cost functional.
where c = (c i ) i∈N ⊂ R * + is a sequence of cost ratios related to the use of control. Looking at J we are just interested by the k + 1 first terms of v and c.
Proposition 5: There is an optimal strategy v * = (v * i ) i∈N which minimizes J.
Proof: The problem can be reduced to find
k+1 with other terms null since they are
is compact and J is continuous there is a subsequence
In the remaining of the subsection we try to characterize the optimal control strategy in order to compute it. We have mentioned above that the solution of (6) − (9) is continuous with respect to control strategies u and (v i ). Now we do the additional assumption that the solution of (6) − (9) is gâteaux differentiable with respect to v = (v i ) 0≤i≤k ∈ [0, 1] k+1 . Let Θ v be the solution of (6) − (9) associated to a chosen control
On the other hand
and thus z v satisfies
and p v * is solution of the following adjoint problem dp
Proof: Using the similar reasoning than the proof of proposition 2 there is a unique absolutely solution p v * to the problem (14) − (15) which satisfies ∀t ∈ ]τ i , τ i+1 ] ,
For an abitrary but fixed v ∈ V and ε > 0 sufficiently small we have J (v * + εv) ≥ J (v * ) and consequently
Using integration by part we get
The result above is a version of the maximum principle but it does not give an efficient way to compute the optimal strategy. We propose to use the gradient method to estimate an optimal strategy. That method is described in [1] . From the proof above
B. The main model
In this subsection we prove the existence and characterize a strategy v * = (v * i ) i∈N which minimizes the following cost functional.
+ is a sequence of cost ratios related to the use of control. Looking at J we are just interested by the k + 1 first terms of v and c.
Theorem 7:
There is an optimal strategy v * = (v * i ) i∈N which minimizes J.
Before giving a proof to the proposition 7 we recall the following lemma stated in [1] , [6] .
Lemma 8: (Mazur) Let (x n ) n∈N be a sequence in a real Banach space X that is weakly convergent to x ∈ X. Then there exists a sequence (y n ) n∈N ⊂ X which converges strongly to x and such that ∀n ∈ N, y n is an element of the convex closure of (x n ) n∈N .
Proof: (of theorem 7)The problem can be reduced to find v * = (v * i ) 0≤i≤k ∈ [0, 1] k+1 with other terms null since they are useless in J. Note that 0 ≤ J ≤
There is a sequence 
Using the lemma of Mazur there is a sequence (v
In the remaining of the subsection we characterize the optimal control strategy in order to compute it. The solution of (1) − (5) is continuous with respect to control strategies (v i ). Now we do the additional assumption that the solution of (1) − (5) is gâteaux differentiable with respect
Proof: Using the similar reasoning than the proof of proposition 4 there is a unique absolutely solution p v * to the problem (19) − (21). For an abitrary but fixed v ∈ V and ε > 0 sufficiently small we have J (v * + εv) ≥ J (v * ) and consequently 0 ≤ lim
with its associated norm
That allows us to find v * using the topology given by . 2 . Since Γ v is a linear continuous operator there is a unique
After we identify Γ v to v. That identification is useful to implement the gradient method.
C. Computer simulations of the optimal pulse strategy
In this subsection we performed simulations in order to illustrate theoretical results stated above. We only present the aggregate model which is more easier to display graphically and presents the average behaviour of the general model.
For those simulations we used following [13] an inhibition pressure of the form
with b and c in [0, 1] . This function reflects the seasonality of empirically-based severity index models found in the literature [9] , [10] , [12] . The particular values used in the simulation were a = 1, b = 0.75, c = 0.2 and c i = 1, ∀i ∈ N. Indeed, we assume that each pulse intervention has the same cost. That choice could be in general not realistic taking into account special features related to season and other conditions depending on time. However, it is simpler and no reason have been found to choose another special cost since theoretical results remain independently true and we are just illustrating them. We have distinguished two cases of initial conditions. The first one is under the parameter σ * = 0.2 and the second is above it. Figures above show how efficient is the pulse control strategy. Impulsions are much probable and intensive when the inhibition pressure increase.
IV. OPTIMAL CONTROL BASED BOTH ON THE CONTINUOUS AND THE PULSE STATEGIES
A. The aggregate model
Throughout this subsection we study existence and characterize of a strategy (u * , v * ) = u * , (v * i ) i∈N which minimizes the following cost functional.
where C ∈ L ∞ loc (R + ; R + ) is almost everywhere positive and c = (c i ) i∈N ⊂ R * + . C and c are time dependent cost ratios related to the use of the control strategy. Looking at J we are just interested by the k + 1 first terms of v and c. We can also
Proposition 10:
There is an optimal strategy (u * , v * ) = u * , (v * i ) i∈N which minimizes J. Proof: The problem can be reduced to find
k+1 with other terms null since they are useless in J. Note that 0 ≤ J ≤ 1 + 1 + sup
such that the sequence (J (u n , v n )) n∈N converges to J * . The sequence (u n , v n ) n∈N is bounded and there is a subsequence (u nm , v nm ) which converges weakly to a strategy (u
k+1 which converges strongly to
Let Θ u,v be the solution of (6) − (9) associated to a chosen control strategy (u, v),
and
and p u * = p v * the solution to the problem (14) − (15) . Proof: For an abitrary but fixed (u, v) ∈ V and ε > 0 sufficiently small we have J (u * + εu, v * + εv) ≥ J (u * , v * ) and consequently
From the proof above it follows that
That allows us to find u * using the topology given by . 3 . Since Γ u is a linear continuous operator there is a unique
We then identify Γ u to u.
B. The main model
In this subsection we survey the existence and we characterize of a strategy (u * , v * ) = u * , (v * i ) i∈N which minimizes the following cost functional. 
Theorem 12:
k+1 with other terms null since they are useless in J. Note that
C. Computer simulations of the optimal coupled strategy
In this subsection we performed simulations in order to illustrate theoretical results stated in the two subsections above. For the same reasons given in subsection III-C we only present the aggregate model. We keep the same inhibition pressure.
The others values used in the simulation were C (t) = 1, ∀t ∈ [0, 1] and c i = 1, ∀i ∈ N. Indeed, we assume that each pulse intervention has the same constant cost with continuous chemical control strategy. The hypothesis of constant costs still remains in general not realistic taking into account special features related to season and other conditions depending on time. Moreovere, the impact in terms of costs is probably not the same for the chemical approach and the cultivational one. However, assuming that the two strategies have the same cost allows us to compare them in term of effectiveness. We have also distinguished the same two cases of initial conditions surveyed in III-C. Figures above presents the impact of control strategies. Moreover, comparing thoses figures with the others displayed in III-C we observe that if the costs of chemical an cultivational strategies are the same then it seems better to use only the cultivational control. In other terms cultivational practices are more effective in controlling the anthracnose than chemical control.
V. DISCUSSION
In this paper a spatial diffusion model of anthracnose control with two diiferent strategies (u and v) has been surveyed. The single chemical strategy u have been studied in [13] . The added pulse strategy v = (v i ) i∈N represents the cultivational practices such as pruning old infected twigs, removing mummified fruits [5] , [18] , [19] , [20] , [26] . The model is quite general and conditions of smoothness on parameters are sufficiently weak. Indeed, parameters are just assumed measurable and essentially locally bounded on R 3+1 . We have showed existence and uniqueness of a solution valued in the set [0, 1] in order for the model to be well formulated mathematically and epidemiologically. We were able to establish the existence and to characterize an optimal control strategy that effectively reduces the inhibition rate compared to the case where no control is used. The proposed method to find an optimal control strategy was the gradient method presented in [1] .
Numerical simulations have been performed for aggregate version of the model in order to give relevant interpretations with simple representations. As explained in subsection II-A, the aggregate version of the model represents its average behaviour on the bounded domain Ω. Moreover, we have observed that it is better to use exclusively the pulse cultivational strategy if the related costs are at most equal to those related to continuous chemical strategy including environmental damages. Indeed, the simultaneous use of both strategy gives a lower performace than the exclusively use of the pulse cultivational strategy.
